In conclusion it would appear desirable to mea sure the wave length shift associated with thermal spike scattering and corroborate the application of the impulse approximation to high angle scattering from amorphous media. Such high angle scattering could also be used to measure the scattering factors for core electrons of heavy atoms (for example Hg as a liquid) where relativistic effects are important. In addition thermal spike scattering can be used to standardize Compton scattering since the "elastic" 1 R. Currat, P. D. DeCicco, and R. J. Weiss, Phys. Rev. 4, 4256 [1971].
Introduction
The elastic scattering of fast electrons in crystals can be described conveniently assuming a complex crystal potential. In transmission electron micro scopy of crystalline specimens this was first demon strated by Hashimoto, Howie and Whelan While the real part of the potential is responsible for the elastic diffraction of the electrons into the Braggreflexions the imaginary part accounts for inelastic scattering processes which lead to an attenuation of the wave functions of the elastically scattered elec trons by absorption. One of the most striking pheno mena which was successfully explained by such a complex crystal potential is the anomalous absorpReprint requests to Dr. M. Wilkens, Max-Planck-Institut für Metallforschung, D-7000 Stuttgart, Azenbergstr. 12. tion first discovered by Borrmann2' 3 during his studies of the X-ray diffraction in perfect crystals. (For the quantum mechanical justification of the imaginary part of the crystal potential see Yoshioka4 or, e. g., the review article by Kambe and Moliere5.) If the wave function of the elastically scattered fast electrons inside a perfect crystal is expressed in terms of Bloch waves the solution of the Schrödinger equation can be reduced to the solution of an eigen value equation which is Hermitian for crystals without absorption and which becomes nonHermitian when absorption is taken into account by an appropriate imaginary part of the crystal potential. Since, in general, the imaginary part of the potential is small compared with the real part, it is usually assumed that the non-Hermitian eigenvalue equation can be solved with sufficient ac curacy by an incomplete first order perturbation treatment (Hirsch, Howie, Nicholson, Pashley and Whelan 6, Metherell and Fisher 7) . By this treatment the Bloch functions of the absorption-free crystal are multiplied by absorption factors whereas the orthogonality of the Bloch functions remains un changed.
The interpretation of transmission electron micro graphs from lattice defects in crystalline specimens requires the calculation of the diffraction of fast electrons in imperfect crystals. For this purpose mainly two types of differential equations are used in the literature: (i) The differential equations of plane wave type (PW-eqs.) (Howie and Whelan8, Takagi 9) ; (ii) the differential equations of Bloch wave type (BW-eqs.) (Howie10, Wilkens11, Howie and Basinski12) . Both of these differential equations are derived from the Schrödinger equation in a similar manner. Consequently they are exactly equi valent when absorption is neglected *. However, if absorption is included similar problems to those in the case of perfect crystals arise. For this reason some authors treated the non-Hermitian eigen value equation for the derivation of the BW-eqs. in the same incomplete first order approximation as mentioned above, e. g .10' 12, Cockayne 14, Hirsch and Humphreys15. On the other hand, in 11 a better degree of approximation was implicitly assumed, although its relation to the non-Hermitian eigen value equation was not clearly recognized.
In the present paper we will show that the equiv alence of the PW-eqs. and the BW-eqs. is only preserved with a more rigorous solution of the eigenvalue equation. It will further be shown that the simple approximation described above is in fact sufficient for lattice defects with screened longrange strain fields (e. g., small dislocation loops) whereas for defects with unscreened long-range strain fields (e. g., dislocations) a better approxi mation is required which, however, destroys the orthogonality of the Bloch waves.
Definitions
For the following it is convenient to write a number of equations in matrix form. In general, a matrix M is constituted by its elements Mik. The * The differential equations using so-called "modified Blochwaves" 13, which are less suitable for numerical computa tions, will be mentioned briefly in Sect. 9 and 10.
horizontal and the vertical columns of the matrix are labelled by the subscripts i and k, respectively. A diagonal matrix with the elements ak will be denoted by D [a^] with Dik = dik ■ ak , Öik = Krodecker symbol. A vertical column vector will be writ ten as {vn} or {w1} with n or I being the running index of the vector components. We consider a crystal foil of thickness t. The N reciprocal lattice vectors g w (including g 0 = 0) which are involved in the TV-beam case lie parallel to the foil plane. The z-axis of a cartesian coordinate system points from the upper foil surface (z = 0) into the foil. A plane wave y = i/'o with i/.'0 = exp 2 ti i k 0 r (2.1)
is propagating from z < 0 into the foil. The wave vector k 0 is related to the total energy E of the electron wave by E = h2 k02/2 m (2.2) with h = Planck's constant and m = electron mass.
The PW-Equations
In the description of the PW-eqs. the wave field ip at the depth z = t (i.e. just below the lower foil surface) is described by a linear combination of N plane waves ipn propagating into the empty space below the crystal foil, yj and xpn are given by V= 2Xn(t)iyn, (3.1) n xpn = exp 2 ti £ (k0 F + g w r + 5n z).
(3.2)
Here sn is the excitation error of the reflexion g n with respect to the direction of the wave vector k 0 of the incident beam. In the column approximation (Hirsch, Howie and Whelan16) the amplitudes Xn(t) of the plane waves y.<n are calculated by means of the PW-eqs. 8-9
The following abbreviations are used:
R = R (z) = atomic displacement field vector along a given integration column which is characterized by the lateral coordinates x and y. The elements Un>n' of the matrix U are given by where e denotes the positive elementary charge and Vn the Fourier coefficient of the crystal lattice poten tial V(T) which is given by V(T)= l V nex? { 2 jzi(g n-r ) } < 0 . (3.6) n (The difference n -n in the subscript on the right hand side of Eq. (3.5) stands for g n -g n' .)
For a crystal with absorption the potential V (T) and, as a consequence, the matrix U is split into two parts,
with U and JJ' being Hermitian. The components of U and V are related to the corresponding two-beam extinction lengths £ and two-beam absorption lengths respectively, by }U n,n'\ = l/2£n-n',\U 'n,n'\ = 1/2 £"_,'. We replace in Eq. (4.12) the argument t by the coordinate z. Then, by differentiation of Eq. (4.12) with respect to z and by comparison with the PW-eqs. (3.3) we arrive after some rearrangements at
Obviously, this equation differs from Eq. (4.9) only by the term which is enclosed (by ( ). This term, however, is identical with the left side of the eigen value Equation (4.5). From this result we conclude that the PW-eqs. and the BW-eqs. are identical when the eigenvalue equation is fulfilled.
In this section we solve the eigenvalue Eq. (4.5) in different steps of approximation.
Approach (i ) : If absorption is neglected the matrix U = U is Hermitian. The corresponding solu tion of Eq. (4.5) will be characterized by a tilde and will be used in the following as the "zero order" solution Akl = Akl, cnl = cnl .
(6.1)
In this case the matrix C (elements C,ui = cnl) is unitary with C_1 = C+ = adjungate matrix to C . (6.2) Consequently the eigenvectors {cnY are orthogonal.
If absorption is included, the matric U is given by Eq. (3.7). Considering i U' as a small correction to U Eq. where Ak', q!, cnl and are real. With respect to the inverse matrix C_1 wre con sider only centrosymmetric crystals. In this case the matrices U and U' can be chosen real and sym metric. Multiplying Eq. (4.5) from both sides with C_1 yields Now we make use of the assumption that U and U' are real and symmetric: Going to the conjugate complex form and then to the adjungate matrices we arrive at
Comparing with Eq. (6.11) we conclude that under the assumption made the inverse matrix C-1 is given by C~1 = C+ + iAC+. (6.14)
In the approaches (i) and (iv) the eigenvalue equation is exactly fulfilled. In these cases, ac cording to Sect. 5, the PW-eqs. and the BW-eqs. are exactly equivalent. However, in the approaches (ii) and (iii) both types of differential equations differ from each other to the same extent to which the eigenvalue equation is not fulfilled. From this comparison we conclude that for crystals showing anomalous absorption the PW-eqs. are equivalent to the exact solution of the eigenvalue equation. It should be noted that this particular problem does not appear explicitly in the derivation of the PWeqs. from the Schrödinger equation 9.
Intraband and Interband Scattering
From now on we restrict ourselves to centrosymmetric crystals. Then the matrix C can be chosen real. As a consequence, for the approaches (i) and (ii) of Sect. 6 the matrix Q in Eq. (4.10), as cal culated with C = C, is real and symmetric. For the approach1 (iii) we write Q = Q + i J Q .
(7.1)
In linear terms of A the (real and symmetric) cor rection AQis given by
In the case of approach (iv) the matrix Q can be split in a similar way into a real and an imaginary part, Q = Q + i AQ . (7. 3)
The dependence of the imaginary correction terms i AQ1' v on the direction of incidence of the primary wave will be considered in detail elsewhere18. Here it should be mentioned that the correction terms are comparatively small (in the two beam case even zero) if for one of the reciprocal lattice vectors g w the Bragg condition is exactly fulfilled. This follows from the symmetry properties of the eigenvectors {cn}1 under this condition (cf. 7) . For convenience Eq. (4.9) is rewritten as a sum d{cpl}/dz = 2 n i 2 Ql i ' v ■cpv exp{2ni{A h?-A l£)z} . (7.4)
The diagonal terms (1 = 1') and the off-diagonal terms (/=£/') on the right hand side represent the "intraband" scattering and the "interband" scat tering, respectively. For the separation of these two parts of scattering we consider an integration column which is sufficiently far away from the centre of the lattice defect. "Sufficiently far away" means that the interband scattering can be neglected. This is the case if the condition J Ql iV exp {2 n i (Ak1 -Ak1) z} dz « 0, for l + l ' , (7 with cpl (0) given by the boundary condition Equa tion (4.11). We define "phase factors" Pl ± (z) ac cording to
and introduce auxiliary functions $>l(z) defined by
Substituting <pl (z) by ( I>1 (z) in Eq. (7.4) we obtain a modified form of the BW-eqs. which is free of interband scattering (see also n ) d { 0 l (z)}/Az= 271 i 2 QY (7.10)
and which must be solved with the boundary con ditions^( 0 )= < p z(0).
If <I)l(t) represents the appropriate solution of these equations at z = t, the amplitudes <pl (t) needed for the calculation of the plane wave amplitudes yn (£) are given by <pl (t) = $ l (t)-P l+(t). (7.12) If only intraband scattering occurs Eq. (7.12) de generates to (pl(t) =<pl(0)-P l+(t). (7.13)
Because of the elimination of the intraband scat tering Eq. (7.10) is more suitable for a first Born approximation than Eq. (7.4) (compare also n ) . To this purpose we substitute on the right hand side of Eq. (7.10) the functions $>v (z), which take the intraband scattering into account, by their values at z = 0: < 2> z'(0) = < /( 0 ) (compare also 15). This leads to (7.14) <p\(t) =<pi(0) -P \ (t) + 2 n i P \ (t) 2 <Pl'( 0) J' QY Z ' + Z 0 ■Pl(z)Pl _(z)-txv{2 7ii(Akl -A k 1) zdz}. (7.15) Recently, Cockayne 14 has used Eq. (7.10) for a first Born approximation by setting on the right side (z) ^ q ? [0) -Pl -{z), or ip1'(z) = <p1' (0). (7.16) This treatment by which the term Pl + (z) under the integral of Eq. (7.15) is omitted, is obviously not consistent with Eqs. (7.7) and (7.13).
The approaches (ii) and (iii) are the most interesting ones among the solution approaches of the eigenvalue equation described in Section 6. (Ap proach (i) is unrealistic since absorption is neglected; in general, approach (iv) is not expected to be significantly different from approach (iii).) As the essential point we realize that in approach (ii) the components cnl of the eigenvectors and, con sequently, the matrix elements Q1, l' are not modified by the absorption. On the other hand, using ap proach (iii) the imaginary correction terms i Acnl and i AQ1' 1' enter into the intensities \%n{t)\2 , of the plane waves rpn in different ways: in the matrix C in Eq. (4.12) where the Xn{t) are calculated from the (pl {t) and in the prefactors Q1 / of the BW-eqs. in Eq. (7.4). With respect to the latter case it should be stated that the correction of the diagonal terms, iAQ1' 1', appears in the exponents of the phase fac tors of the modified Equation (7.10).
Results of Comparative Contrast Calculations
For a number of defect configurations (single dislocations and narrow dislocation dipoles) the contrast profiles were calculated using either ap proach (ii), (iii) or (iv). Some representative examples are shown in Figs. 1 to 3 . In all cases the plotted intensities, /«(*) oc | |2, (8.1) are normalized to the background intensities. The superscripts r or c at In refer to "real eigenvectors" (approach (ii)) and "complex eigenvectors" (ap proach (iii) or (iv)), respectively. (For the con sidered potentials no significant differences were found between the curves calculated with approach (iii) and (iv).) We used the displacement field of straight dislocations in an infinite and isotropic material. The dislocations are assumed to lie parallel to the y-axis at the positions z = x0 and z = z0. The direction of incidence of the primary wave is characterized either by the normalized excitation error iv = Sj of the first order reflexion or, in a more general way, by the parameter E introduced in 19: For a systematic A-beam case, E = n ( = inte ger) means that the reflexion g w is exactly excited. For the two-beam case (TV = 2) we assumed = 0.1 and £0' = £ /. For N = 4 ( -1 ^ n ^ 2) or TV = 6 ( -2 n 3) the Fourier coefficients of the complex potential of Cu as tabulated by Radi 20 were used.
in (b) m ; = 0.6 (£ = 1.12). The intensities /0C and I0T are shown as solid and broken lines, respectively.
(1) Single dislocations, Figure 1 . For TV = 2 and w = 0 (£ = 1 ) the imaginary correction terms i Acnl are zero. Consequently, in this case there is no difference between I nr and I nc. With increasing w the profiles 70c reveal pronounced long-range con trast tails with I0C > 1 for x < 0 and 70c < 1 for .r> 0 , cf. (2) Dislocation dipoles, Figure 2 . The tails of both contrast profiles, Inr and Inc, coincide quite well. In the inner part of the profiles the positions of the contrast maxima and minima are the same in both modes of calculations. However, there are some remarkable differences (up to 25%) in the heights of the contrast extrema. For other excitation errors and larger foil thicknesses the differences are smaller.
(3) Dark field oontrast 1 corresponding to the weakly excited reflexion g _ _ x. For the both examples shown in Fig. 3 we find similar results as in the cases (1) and (2) : In Fig. 3 a (pair of dislocations of the same sign) there are some differences in the long-range oontrast tails which are not found in Fig. 3 b (dislocation dipole) . The heights of the contrast peaks are slightly different. However, we state that also for the weak-beam contrast profiles the peak positions are not shifted significantly by the mode of calculations.
Discussion of the Contrast Calculations
The results of Sect. 8 show that three different features of the contrast profiles can be considered separately: (ii) The long-range contrast tails, (ii) the heights and widths of the main peaks, and (iii) the positions of the peaks. Obviously, the mode of cal culation ("r" or "c") has only a minor or even negligible influence on (ii) and (iii). Therefore we now restrict ourselves to a brief discussion of point (i).
Long-range contrast tails from defects with an unscreened long-range strain field (e. g., single dis locations, pairs of dislocations of the same sign, etc.) are well known, cf., e. g., the oontrast calculations of Howie and Whelan 21, which are based on the PW-eqs. For the experimentalists this particular contrast phenomenon represents a valuable tool for the determination of the sign of the Burgers vectors of the dislocations.
The results of this paper demonstrate that in terms of the BW-eqs. the long-range contrast tails are only calculated when the eigenvectors are cor rected by means of approaches (iii) or (iv). Exten sive theoretical studies of the experimental condi tions of the long-range contrast tails were performed by Wilkens, Rühle and Häussermann22. They ap plied to this problem the concept of modified Bloch waves"13'* . Comparing the results o f22 with the concept of "conventional" Bloch waves as discussed in the present paper it can be concluded that the long-range contrast tails are closely related to the intraband scattering or -in the notation of the present paper -to the intraband term Pl + (t) in Eq. (7.12). For instance, the displacement field vector R of a single dislocation in the middle of the foil results at the foil surfaces in These inequalities are directly responsible for the occurrence of the long-range contrast tails.
Since the long-range contrast tails are well established experimentally we must conclude that the comparatively simple approach (ii) which was applied in 10' 12' 14' 15 is insufficient concerning the entire contrast profile. However, if only the posi tions of the contrast peaks are considered, ap proach (ii) can be used. This result which is relevant for the application of the weak-beam method 14 can * Modified Bloch waves differ from the Bloch waves used in the present paper in so far as they are not related to a per fect reference lattice: In the eigenvalue equation of modi fied Bloch waves the excitation errors sn are functions of the local orientation of the lattice. Consequently, in a distorted crystal the eigenvalues and the orthogonal eigen vectors are functions of r. This means that the "tie point" of a modified Bloch wave on the corresponding dispersion branch is not fixed throughout the crystal, as assumed in the present paper, but moves on the branch according to the local lattice orientation.
be understood by a more detailed discussion of the BW-eqs: In the region of the contrast profiles suf ficiently close to the image position of the dis location cores the contribution of the intraband scattering is masked to a large extend by the interband scattering. The latter is, obviously, much less sensitive to the correction of the eigenvectors. The case of lattice defects with a screened longrange strain field (e. g., narrow dislocation dipoles or small dislocation loops) will be discussed briefly. For integration columns passing outside the dipole (loop) through the foil the displacements at the foil surfaces are nearly compensated due to the op posite signs of the dislocations, g n R(t) -g n R ( 0 ) » 0 , (9.3) which means that in the "outside" region no signifi cant difference between Inr and Inc is expected, cf. The corresponding intraband scattering is, ob viously, negligible with respect to the peak posi tions, cf. Figs. 2 and 3 and the preceding paragraph.
Final Remarks
In the present paper we have expressed the dif ferential equations of Bloch-wave type (BW-eqs.) using different approaches to the non-Hermitian eigenvalue equation. In approach (i) the imaginary part of the crystal potential is neglected (zero order solution). Consequently this approach has no practi cal applications. In approach (ii), which is general ly applied to the diffraction in perfect crystals, the eigenvalues (wave vectors of the Bloch waves) are corrected by an incomplete first order perturbation calculation. In this approximation the wave vectors are complemented by an imaginary part which is responsible for the anomalous absorption (Borr mann effect), whereas the eigenvectors (amplitude coefficients of the partial waves of the Bloch waves) remain unchanged. Hence in this approach the orthogonality of the Bloch waves is retained. In ap proach (iiii) also the eigenvectors are corrected by the first order perturbation calculation giving rise to additional imaginary terms. Finally, in approach (iv), the non-Hermitian eigenvalue equation is as sumed to be exactly solved irrespective of what the quantum mechanical interpretation of this solution is (cf., e. ig., Sprague and Wilkens 23) . In the latter two cases the orthogonality of the corrected Bloch waves is violated in linear (or higher order) terms of the imaginary part of the crystal potential. (Since this imaginary part is usually assumed to be small compared with the real part the differences between the approaches (iii) and (iv) are in general negli gible.)
In order to estimate which mode of approach is necessary for the calculation of the diffraction con trast from a particular lattice defect, a number of comparative contrast calculations wT ere performed using either approach (ii) or (iv) (or (iii), cf. Setion 9).
Especially for single dislocations imaged with a non-zero excitation error pronounced differences were found in the flanks and the tails of the contrast profiles, where the contrast is predominantly de termined by the intraband scattering, cf. Sect. 7 and 9. Long-range contrast tails which are wellknown experimentally are only obtained when cor rected eigenvectors are used (approach (iii) or (iv)). On the other hand the central part of the con trast profiles -especially the position of the con trast maxima or minima -are less sensitive to the mode of approach.
Narrow dislocation dipoles and other defect con figurations with screened long-range strain fields (e. g., small dislocation loops) do not give rise to long-range contrast tails. Accordingly, for these defect configurations the contrast profiles calculated in either of the approximations (ii) to (iv) show only small differences which may be hard to detect experimentally.
The phenomenon of long-range contrast tails from single dislocations indicate clearly that, in prin ciple, the BW-eqs. should be used with corrected eigenvalues and eigenvectors. As already mentioned above, in this case the orthogonality of the Bloch waves is seriously violated. Therefore we must con-** In 19, in which the contrast from small spherical inclusions and dislocation loops was calculated, approach (ii) was used. In the other papers of Rühle, Wilkens and co-workers concerned with similar problems the calculations were performed with approach (iv elude that for distorted crystals with anomalous ab sorption the concept of Bloch waves as defined in a perfect reference crystal becomes doubtful as soon as one considers the physical significance of the pro perties of individual Bloch waves. Nevertheless, for the calculation of the diffraction contrast this concept has proved to be very successful and convenient for numerical computations as well as for analytical first order perturbation calcula tions19' 24,25,** Let us briefly return to the modified Bloch waves mentioned in Section 9. Without going into details, it should be pointed out that the differential equa tions of type Eqs. (4.9) or (7.4), when expressed in a similar way in terms of modified Bloch waves (cf. 13) do not contain diagonal elements. This means that for distorted crystals showing anomalous absorption the imaginary correction terms of the eigenvector components do not enter in a direct way into the phase factors of the differential equations. This is contrary to the "conventional" BW-eqs., cf. Section 7. Consequently, in terms of modified Bloch waves, the long-range contrast tails from single dis locations as the most significant criterion for the necessity of a correction of the eigenvectors are appropriately calculated already with the same in complete first order solution of the eigenvalue equa tion (approach (ii)) in which the orthogonality of the modified Bloch waves is retained (cf. 22) . This result confirms from quite a different point of view earlier statements 13 that for distorted crystals modi fied Bloch waves are physically more significant than "conventional" Bloch waves defined in a perfect reference crystal.
